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Dielectric response of particle beams to periodic focusing
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The dielectric response of a charged particle beam to a periodic focusing field enhances the effective
focusing strength, reducing the matched beam radius and affecting the motion of halo particles. The change in
the effective focusing strength is found for a uniform-density beam with a diffuse halo in a quadrupole channel,
giving increases of 2% to 8% for some typical examples. These changes are important for both the production
and behavior of halos in intense, high-energy beams, in which fractional current losses as smaliras46
result in radioactivation.S1063-651X96)04211-0

PACS numbds): 41.85.Ew, 29.27.Eg

The effective focusing strength of a periodic channel is arlongitudinal position of the beam center along the channel,
important factor for accelerator applications requiring highs,. The focusing field and the space charge field are each
beam intensities, such as heavy ion inertial fusion, radioacdivided into two parts so that the fluctuating components
tive waste transmutation, spallation neutron sources, tritiunhave an average value of zero and the steady-state compo-
production, and muon production. Limiting currents havenents vary slowly or not at all witk.
been found in the past using the smooth approximdtigmo The frequency of the focusing is=2mvg/S, whereS is
find the effective focusing strength of a periodic channelthe period of the focusing along the longitudinal direction
which, along with the aperture, determines the current thaind v is the beam velocity. In general there are three peri-
can be transported through a given chanfl Accurate 0ds(S,, S, andS,) and three frequencidsy, , w, , andw,),
knowledge of the effective focusing strength is also impor-gne for each of three directions in Cartesian coordinétes
tant for matching. Transverse mismatch has been shown Té’ndy are transverse andlis parallel to the beam axis; for
be an important cause of.halo production and the resulting, practical applications,=S,). The focusing field can
pa[‘;"'e IOSSGSB_S" Frgctlorjal _currgnt_ I(_):f,ses as small_asbe the result of electrostatic or magnetic quadrupole lenses,
10 "/m can result in radioactivation, inhibiting routine main- ;4\ tion_acceleration gaps, and magnetic solendidthe
tenancg 6]; this can also be the limiting factor in the trans- beam is considered in the Larmor framé can also be the

ort of intense, high-energy bearfd. . L . .
P The dielectric rgsponseggf a pg?mato the periodic field Ofesult of focusing by electromagnetic fields which are peri-
odic in time and space, as in the case of radio-frequency

a Paul trap was recently shown to enhance the effective fo- ) T .
cusing strength of the traf8]. The dielectric response of a quadrupolelRFQ) focusing. The focusing field is written as

beam to a periodic focusing field is shown here to increas@” €lectric field with the approximation that particle motion
the effective focusing strength of the channel, by an amouni’ the beam frame is nonrelatl\{lstlc, so that magnetic focus-
that depends on the shape of the beam, the type of focusinfld can be r_epresented by equwf_aller?t electrostatic f|eIQS._The
and the ratio of the plasma frequency of the bea, to the orce re_sultmg from the magnetic field of the beam is in-
frequency of the focusingy. The dielectric response and the cluded in the self-electric-fiel@he space charge figlavith
fractional change in the effective focusing strength are foundhe same approximation. Unless otherwise stated, all quanti-
for a uniform-density continuous beam with a diffuse haloties are considered in the laboratory frame. With RFQ focus-
and for a uniform-density ellipsoiddbunched beam, both ing and induction-acceleration gaps, it is assumed that accel-
in a quadrupole channel. The increase in the effective focuseration along the longitudinal direction is slow enough that it
ing strength results in a higher transverse phase advance p&an be treated as adiabatic, and that the beam is in phase with
period, a higher average beam density, and a lower averagdge time-varying field so that the focusing field can be treated
beam radius. Since accurate matching is important for beams periodic only in longitudinal distance along the channel.
applications requiring low losses, the effect of the dielectric The effective focusing field can be found from the aver-
response on the matched beam parameters can be importage field of a particle due to its motion in the periodic field
for the applications listed above. [9]. The motion of a particle in the periodic field is first
A beam in a periodic focusing channel experiences a flucfound with the fluctuating field as a function of position fixed
tuating electric fieldE(f,s,), which consists of the fluctu- at E¢(F,s,) =E;(Fo,S0), Wherefy is the position of the par-
ating component of the focusing fielB.¢(F,s,), and small ticle averaged over a period. The resulting particle position is
fluctuations in the space charge fielitls(F,s,). The position  Fo+ F; the first-order variation in the position of the particle
relative to the center of the beam fis and the focusing is resulting from the fluctuating field i8t. The effective field
periodic in's, the longitudinal distance along the channel.that results from the fluctuating fields is then found to first
Although particles with different longitudinal positions order from
within the beam are at different phases in the periodic field,
it is assumed that the effects of this are negligible so that the
fluctuating fields can be written as periodic functions of the Eer=(E{(F,50))=~((6F- Vo) E¢(Fo.50)), (1)
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whereﬁo is the gradient with respect 1@ and the brackets Ey=Eci/e, (6)
represent averages over a focusing period, defined for an
arbitrary functionh by

in which & (by definition is the dielectric constant. The di-

L[ers lectri tant for thi i
(h(sg))= S L h(sy)dsp. ) electric constant for this case is
The effective field of Eq(1) has previously been derived for w2
a Paul trap without space charfg] and for a periodic fo- e=1-T _g (7)
w

cusing channel without space charge fluctuatidrt§. Solv-
ing for &f from the fluctuating field and substituting into Eq.

(1) gives an effective field of ) ) L ) vy
inwhichI'=3, w,=(g°ng/eyym)~“is the plasma frequency,

S S andng is the particle number density. Equati¢n will be
<(J1) fo Ef(ro,so)dslodso'vo) Ef(r0130)>a used for other types of beams and for halos with different
3) values forl', depending on the geometry.

In deriving Egs.(6) and(7) it is assumed thab 5/w’<1,
where g and m are, respectively, the particle charge andand that fluctuations in the focusing fields and space charge
mass, andy=(1-vr3/c®) 2 is the relativistic factor. In a fields occur sinusoidally with the same frequency. For most
guadrupole channel the steady-state component of the tranfecusing channels the fluctuating component of the focusing
verse focusing field is zero, so the field of E8) is the total ~ field is not a sinusoidal function of longitudinal distance
effective focusing field. For transverse focusing by solenoidsilong the channel. In order to define the dielectric constant,
or longitudinal focusing by induction-acceleration gaps, thethe fluctuations are approximated as sinusoidal functions of
steady-state component of the focusing field is typicallys,. Small deviations in the functional form are assumed not
much larger than the effective field of E(B), so that the to have a significant effect on the dielectric response of the
dielectric response, which affects only the fluctuating comxegm.
ponent of the field, has much less effect than in a quadrupole Sincee<1, Eq. (6) represents an enhancement of the pe-
channel with the same frequency and focusing strength.  riodic focusing field for a continuous beam. This effect re-

The dielectric response occurs through the effect of spaceulits from the fact that the beam has maxima in its extent
charge fluctuations oR¢(f"y,Sp). This will be found first for  along any axis, and minima in the magnitude of its space
the core and halo of a uniform-density continuous beam witftharge field, at longitudinal positions along the channel
a diffuse halo in a quadrupole channel with average axialvhere the focusing field along that axis is at a maximum.
symmetry. The dielectric response will then be considered jkewise, the beam has maxima in the magnitude of its space
for the core of a uniform-density ellipsoidédunched beam  charge field where the focusing field is at a minimum. Fluc-
in a quadrupole channel with average axial symmetry. tuations in the space charge field are therefore correlated

The electric field in a transverse directior) (of a con-  with the focusing so that they enhance the effective focusing
tinuous, uniform elliptic beam with currehtand velocityvg field.
is [11] Substituting Eq.(6) into Eq. (3) leads to the conclusion

that the effect of the dielectric response of the beam is to
(4) increase the effective transverse focusing field of a quadru-

pole channel by the factor &9 For example, a continuous

beam in a quadrupole channel wii)/w=0.2 has a dielec-
wherex,, andy, are, respectively, the beam envelopes in thetric constant of 0.98. The dielectric response increases the
x andy directions, ang, is the permittivity of free space. In effective focusing field of this channel by about 4%.
a quadrupole channel which has average axial symmetry, the The same technique can be used to find the effect of the
fluctuations in the two transverse directions have the samdielectric response on halo particles surrounding the
magnitude and functional form, and are out of phaserby uniform-density core of a continuous beam. The model of a
The beam envelopes can then be writterxgs- X0+ X,  uniform-density continuous beam core that is mismatched in
andy,=Xmo— Xm, Wherex, is nearly independent af, a continuous(nonperiodi¢ focusing channel has been used
and 6x,, has an average value of zero. The field of ).  to study the evolution of halo particl¢§], in which varia-
can then be split into a steady-state component and a fluctiions in the space charge field resulting from the oscillating
ating component with a linear expansiondry,. The result-  core were found to drive some particles to larger radii. Here,

= q
E s~
eff ym Vé

X

= . ,
e Y VeXm(XmT Ym)

ESX

ing fluctuating field component is the effect on the effective focusing strength is found from
oscillations of the space charge fields for a matched beam in
_ —loxpX 5 a periodic channel. The same result applies to a mismatched

Sfx_z'rrso'yzyxﬁ,lo' ®) beam in a periodic channel if the frequency of the mismatch

oscillations is much less thamn.

Using Eq.(5), settingE¢,= Eg+ Ecty, WhereE;,, Egiy, The beam has average axial symmetry, and variations in
andE, are, respectively, the components of the fluctuat- X, andy,, are out of phase byr. The dielectric response of
ing parts of the effective focusing field, the space chargéialo particles arises from the periodic motion of the particles
field, and the focusing field, and solving féx,, gives relative to the beam axis, and also from the periodic varia-
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tions in the shape of the core. The electric field alongxhe ample, a beam with an aspect ratio 9f,,/Xn =2 (for
direction outside of a continuous, uniform-density elliptic which I" is approximately 0.4in a quadrupole channel with

beam core i$11] wp,/w=0.3, has a dielectric constant of approximately 0.964.
The dielectric response increases the effective focusing field
| % 2% of this channel by about 8%.
SX:47780')/2VB ft R OECy RS dt’, (8 The envelope equation$2] can be used to relatg,/w to
m m

the transverse space charge tune depresgigh,() and the

phase advance per perigd,;), giving

where t is defined byx?/(x2+t)+y%/(y3+t)=1. The

positon of a halo particle is written as x,) wp ( ki)”z Ovo

=(Xo+ + [ —=|1- —
(Xot+ X,yot+8y), and the envelopes are again E% 77\/2_gr

Xm=XmoT 6Xny, and y,,=Xmo— Xy,. The self-electric-field
can then be written in terms of a steady-state component arm which g, =1—gx2/2y%z2, is the radial geometry factor
T13]. g is the geometry factor, which is a function only of the

a fluctuating component with linear expansions in the fluc
aspect ratio of the bunchyz,/x,,, when image fields are

tuating quantities. Solving for the resulting particle motion
by the same method as in the previous case, the quctuatiqge i ; ; ; ;
0 . . ! gligible; it is a function also of the pipe radius when image
field is again described by Eq) and (7). In this case fields are significanf13]. Without image fieldsg can be
s o . y approximated as #z,,/3x,, when =vyz./x,<4 with about

~ Xmo(Xo—Y0) | Xmo(3Yo— Xp) g 10% accuracy. Equatiofi2) applies for a continuous beam

(X5+y3) (x5+ys)® ©  with g,=1. The first example of a continuous beam with
w,/o=0.2 could therefore correspond tg/k,,=0.5 and
0,0=59°. The example of a bunched beam wjih,/x,=2
and w,/w=0.3 could correspond tok,/k,,=0.5 and

=80°.

0

(12

For example, withx,=1.5¢,0 andy,=0, w,/w=0.2 gives a

dielectric constant of approximately 0.99. The dielectric re-

sponse increases the effective focusing field at this locatiofx : i i

by about 2%. Cqmparlson will now be made between two uniform-
The same method will now be used for the core of adensny beams with the same energy, current, space charge

bunched beam with average axial symmetry, which is takert1une depression, and aspect ratio, one in a periodic quadru-

as a uniform-density ellipsoid. The electric field in a trans—pOIe channel and one in a channel with continuous focusing.

verse directionX) inside a uniform ellipsoid without images Both channels have the same ejfectwe focusing strength In
is [11] the absence of space charge. With space charge, the effective

focusing strength of the periodic channel is increased over
that of the continuous channel, resulting in a larger phase
_ 3Qx J"” dt advance per period, a higher average beam density, and a
8megy Jo (x5+1)%Ay2+1)Y y222 +1) 12 smaller average beam radius.
(10) The envelope equations for a matched beam in a continu-
ous channel [12] can be wused to derive w,zJ

wherez,, is the beam envelope in thedirection andQ is the = 2vsKxo(1—k3/kZo) % With a fixed space charge tune de-
total charge of each bunch. The envelope fluctuation in th@ression, the square of the plasma frequency of a uniform-
longitudinal direction is typically either out of phase with the density beam s therefore proportional to the focusing
transverse fluctuations by/2 or it has a differentand non- ~ Strength of the channek,. Using Egs.(3) and (6), the
resonant frequency from the transverse fluctuations; eitherdi€lectric response in the quzadrlz,lpole channel results in an
way it can be ignored in finding the effective transverse fo-efféctive focusing strength d¢,o/e". Comparing the plasma
cusing. The electric field of Eq10) can then be split into a frequency of the beam in the continuous focusing channel
steady-state component and a fluctuating component with &p¢) t0 that of the beam in the quadrupole chartag)) then
linear expansion ix,,. The remaining integral is solvable léads to
analytically, resulting in a fluctuating field component of

SX

F(ﬁ)g—ﬁ+w—p°:o. (13)
e —3Q0xX [ 1 3(1-&? @ @ @
S0 Ame X3 0YPzme [ 26° A An approximate analytic solution to E(L3) is
3(1-&)%n({1+ &{1- —(3-T)w?
N (1-&9%n{ _ &1 5})}, 11 wp _wpc (1-(3 Iy o 14
8¢ 1) ) 1—3w§c/w2 '

whereé=(1—x 7o/ ¥°z40) "2 is the eccentricity of the bunch which is always accurate to within 1% forQ,/»<0.3 and

in the beam frame. For a bunch that is spherical in the beam 0.3<I'<1; this was found by a method similar to the one

frame (yz,0=Xmo), EQ. (11 becomesEg,=—3Qd8xx/  used previously for the approximate solution to a fourth-

(10mepx to). The same method as in the previous cases resrder polynomial14].

sults again in Eq96) and(7), in whichI" equals the quantity Using the example of a bunched beam in a quadrupole
in square brackets in Egl1). For the special case in which channel withyz,/r,=2, k,/k,,=0.5, andw,/w=0.3, from

the bunch is spherical in the beam frani&s0.4. For ex- Eg.(13) the plasma frequency of the beam in the continuous



5858 BRIEF REPORTS 54

channel(wy,c) corresponds taw,/w=0.29. From Eq.(12), plications in which current loss into the conducting channel

0y, =80° in the quadrupole channel and 77° in the continu-is an important factor, the increase in the magnitude of the
ous channel. The corresponding matched beam radius is apnvelope oscillations as the focusing frequency is decreased
proximately 4% lower in the quadrupole channel. could lead to greater particle losses even as the effective

Reducing the frequency of the focusing increases the difocusing field on the beam core is enhanced.
electric response and increases the effective focusing

strength for a uniform-density beam, but also results in This work is supported by G. H. Gillespie Associates,
greater oscillations of the matched beam envelope. For apnc., internal research and development funds.

[1] M. Reiser, Part. AccelB, 167 (1978, and references therein.  [8] K. Avinash, A. K. Agarwal, M. R. Jana, A. Sen, and P. K.

[2] M. Reiser, J. Appl. Phys52, 556 (1981, and references Kaw, Phys. Plasma®, 3569(1995.
therein. [9] G. SchmidtPhysics of High Temperature Plasm@sademic,
[3] C. L. Bohn, Phys. Rev. LetfZ0, 932 (1993. New York, 1979, p. 47.
[4] T. P. Wangler, inComputational Accelerator Physicedited  [10] M. Reiser, Theory and Design of Charged Particle Beams
by R. Ryne, AIP Conf. Proc. No. 29AIP, New York, 1994, (Wiley, New York, 1994, Sec. 4.4.
p- 9. [11] O. D. Kellogg, Foundations of Potential TheorDover, New
[5] R. L. Gluckstern, Phys. Rev. Left3, 1247(1994. York, 1953, p. 194.

[6] J. M. Lagniel, Nucl. Instrum. Methods Phys. Res. Sec845, [12] M. Reiser, Ref[10], Sec. 5.4.11.

46 (1994. ) . [13] C. K. Allen, N. Brown, and M. Reiser, Part. Accel5, 149
[7] R. A. Jameson, ilAdvanced Accelerator Concepedited by (1994

iggsa V;/ugtggl)e, AIP Conf. Proc. No. 27\IP, New York, [14] N. Brown and M. Reiser, Part. Accel3, 231(1994.



